We find that anti-de Sitter (AdS) spacetime with a nontrivial linear dilaton field is an exact solution in the effective action of the string theory, which is described by gravity with the Gauss-Bonnet curvature terms coupled to a dilaton field in the string frame without a cosmological constant. The AdS radius is determined by the spacetime dimensions and the coupling constants of curvature corrections. We also construct the asymptotically AdS black hole solutions with a linear dilaton field numerically. We find these AdS black holes for hyperbolic topology and in dimensions higher than four. We discuss the thermodynamical properties of those solutions. Extending the model to the case with the even-order higher Lovelock curvature terms, we also find the exact AdS spacetime with a nontrivial dilaton. We further find a cosmological solution with a bounce of three-dimensional space and a solitonic solution with a nontrivial dilaton field, which is regular everywhere and approaches an asymptotically AdS spacetime.
I. INTRODUCTION
The so-called "Lovelock gravity" [1] is a natural highercurvature generalization of the Einstein gravity. It includes the Einstein-Hilbert action as the first Lovelock term, and the second term is known as the Gauss-Bonnet (GB) term. The minimum generalization of the Einstein gravity is the EinsteinGauss-Bonnet (EGB) gravity theory, which contains up to the second Lovelock term. Since higher-curvature terms may come from quantum corrections of gravity, the EGB gravity theory has been studied extensively. Black hole solutions in the EGB gravity theory were discussed in [2] [3] [4] . The qualitative difference from the Einstein gravity is the existence of branches of the solutions; i.e., not only Minkowski spacetime but also anti-de Sitter (AdS) spacetime exists as a vacuum state in the EGB gravity theory. As a result, the black hole solutions also possess both an asymptotically flat and AdS branches without a negative cosmological constant.
In the context of the string theory, the EGB gravity has been argued to be an effective field theory with quantum corrections in [5] . The GB term is indeed found as higher-order correction in string theories [6] . It is also necessary to include a dilaton field as well as higher-curvature correction terms since the dilaton field plays an important role in the string theory. (The vacuum expectation value of the dilaton field gives the string coupling constant.) In a dilatonic gravity theory, we should first choose a "frame" where we discuss and interpret the physical meanings. There are two fundamental frames: One is a string frame where a dilaton coupling is factored out in all terms in the action, while the other is the Einstein frame where the scalar-curvature term is minimally coupled to a dilaton field. The string frame is the frame which is naturally defined in the string theory, while the Einstein frame gives the Einstein gravity, which is familiar to us, with higherorder corrections.
The gravity theory in the string frame and that in the Einstein frame are classically equivalent since we can transform * Electronic address: maeda"at"waseda.jp † Electronic address: ohtan"at"phys.kindai.ac.jp ‡ Electronic address: yukinori"at"gravity.phys.waseda.ac.jp from one frame to the other by an appropriate conformal transformation [7] . However, there appear extra higher-order terms via a conformal transformation in addition to the gravity action and the conventional kinetic term of a dilaton field, and those terms are sometimes ignored. As a result, the two theories in these frames are different when we ignore such extra terms. We call those in the string frame and in the Einstein frame DEGB (dilatonic Einstein-Gauss-Bonnet) gravity and EDEGB ("Einstein-frame" DEGB) gravity, respectively. The effective action in the Einstein frame is obtained from the scattering amplitudes of gravitons and dilatons, but that in the string frame is calculated by the beta function method. Thus, in the approximation keeping terms up to certain order in the higher derivatives, there are always ambiguities in the effective action as represented by the freedom of field redefinition. Both of them have their own rights, and it is significant to study both and check if they give qualitatively different results.
Most of the works on dilatonic Einstein-Gauss-Bonnet gravity have considered the EDEGB gravity theory. Black hole solutions in the EDEGB gravity were studied for an asymptotically flat case in four dimensions [8] [9] [10] and higher dimensions [11] . The extremal black hole solutions, which are important in relation with Bogomol'nyi-Prasad-Sommerfeld states in the supersymmetric theory, were studied in the EDEGB gravity in four dimensions [12, 13] and higher dimensions [14] . The extremal black hole solutions in the DEGB gravity were also studied in [15] . The difference between the black holes in the EDEGB and the DEGB gravity theories was analyzed for asymptotically flat black hole solutions in [7] . The relation between the EDEGB and the DEGB is discussed from the viewpoint of Einstein's equivalence principle in [16] .
AdS spacetime is attracting increasing attention since the AdS/conformal field theory (AdS/CFT) correspondence was proposed. According to the AdS/CFT, one may examine the strong coupling region of the boundary CFT by considering the corresponding black hole solutions in bulk AdS spacetime. In fact, black hole solutions in the EDEGB were studied in [17] , and the quantum corrections to the ratio of the shear viscosity to entropy density in the CFT side were calculated. We expect that our solutions may also be useful in this kind of study.
An AdS black hole, which corresponds to the finite temperature CFT according to the AdS/CFT correspondence, is known to possess interesting thermodynamical properties. When the horizon topology is a sphere (k = 1), the small AdS Schwarzschild black hole is thermodynamically unstable while the large one is stable. There exists a phase transition, namely, Hawking-Page transition [18] , between the large AdS black hole and a thermal AdS space. In contrast, planar (k = 0) and hyperbolic (k = −1) AdS black holes are stable [19] and the Hawking-Page transition does not occur.
In the EGB model with a negative cosmological constant, the thermodynamical properties of the asymptotically AdS black hole solutions ("general relativity branch") were studied in [4] and with a special emphasis on the hyperbolic case in [20] . In the presence of a negative cosmological constant [4] , thermodynamic properties of asymptotically AdS black hole solutions for k = 1 are similar to those without the GaussBonnet term in dimensions other than five. In five dimensions there appears a new phase of stable small black holes. For k = 0, black hole solutions are thermodynamically stable, and for k = −1, black hole solutions are always stable.
The asymptotically AdS spacetimes in the EDEGB model were analysed with and without the cosmological constant [3, [21] [22] [23] , and their global structures were studied in [24] . In this paper, we consider black holes and other exact solutions in such spacetimes with a nontrivial dilaton field whose behavior is given by φ ∝ ln r and discuss their thermodynamic properties. This type of dilaton field is called a linear dilaton, and it is essential for the existence of black hole solutions in the two-dimensional dilatonic gravity model [25] . In the Einstein-Maxwell-dilaton gravity, linear dilaton solutions whose asymptotic behaviours are not AdS nor de Sitter were studied in [26] . Some of such solutions are obtained from asymptotically AdS or de Sitter solutions with a suitable compactification. Intersecting brane solutions with linear dilatons are also constructed in [27] .
We find that AdS black hole solutions for k = −1 as well as AdS spacetime for k = 0 exist without a negative cosmological constant if the dilaton is nontrivial, in contrast to, for example, Refs. [21] [22] [23] . The AdS black hole solutions are obtained numerically, and the latter spacetime solutions are shown to exist for even-order Lovelock gravity. We also find interesting cosmological and solitonic solutions. This paper is organized as follows. In the next section, we introduce the DEGB gravity theory in the string frame and show that the AdS spacetime is the exact solution in a plane symmetric case. Then, in Sec. III, we show how to find asymptotically AdS black hole solutions in the DEGB theory. In Sec. IV, we present our numerical results and discuss the thermodynamical properties of the black holes. Our conclusions are drawn in Sec. V. In the appendices, we give an AdS solution in the Lovelock theory of gravity and briefly discuss a horizonless solitonic solution and a cosmological solution obtained in our system.
II. DILATONIC EINSTEIN-GAUSS-BONNET GRAVITY: BASIC EQUATIONS
The effective action of the heterotic string theory in the string frame is given by
is the Gauss-Bonnet curvature term, and α 2 = α ′ /8 is its coupling constant with α ′ being the Regge slope. First we present the basic equations. To find a black hole solution, we assume a symmetric (depending only on r) and static spacetime, whose metric form is given by
where ν, λ, and µ are functions of the radial coordinate r and
is the metric of (D − 2)-dimensional maximally symmetric hypersurface with a constant curvature of the sign k = 0, ±1.
First we show the explicit form of the action with this ansatz:
where we have introduced
with m and n being integers (n > m) and dropped the surface term. A prime denotes a derivative with respect to r. For brevity, we have introduced the rescaled coupling constant
, and in what follows, we will normalize the variables byα 2 . Taking variations of the action with re-spect to φ, ν, λ, and µ, we find the basic equations. Since we are interested in a black hole solution, it is convenient to introduce new metric functions f and δ as
Here we have fixed one metric component as e 2µ = r 2 by using the gauge freedom of the radial coordinate r. Using the new metric functions and defining the following variables by
the basic equations are written as
From the Bianchi identity, we find one relation between the above four functionals F S(φ) , F S(ν) , F S(λ) , and F S(µ) , i.e.,
That is, the above four equations (2.9) -(2.12) are not independent. Hence if we solve three of them, the remaining one equation is automatically satisfied. We solve the following three equations:
The last equation is explicitly given by 15) which is simpler than the others.
III. ADS SPACETIME
First we look for an AdS spacetime for k = 0. The metric form is assumed to be
where ℓ is an AdS radius, which will be fixed later.
Assuming the dilaton field as
we find the following three algebraic equations:
3) These equations are not independent since (3.5) can be reproduced with (3.3) and (3.4). If we find a solution of these equations for two unfixed parameters (ℓ and p), then we obtain an AdS spacetime. Eliminating ℓ from Eqs. (3.3) and (3.5), we find the equation for p:
The AdS radius is given by its solution p as
We find one real solution for Eq. (3.6), which gives an AdS space for α 2 > 0. 2 We show the explicit values for an AdS space in Table I . We also find ℓ →α
The solution is explicitly written in the line element form:
where dx 2 D−2 denotes the (D − 2)-dimensional flat Euclidean space. It is conformally flat:
10)
where we have introduced the dimensionless variables as τ ≡ t/ℓ and u ≡ ℓ/r. In the next two subsections, we will show two different descriptions of the present solution.
This type of exact AdS solution is also found in the generalized Lovelock gravity theory, which is given in Appendix A.
A. The solution described in the Einstein frame
To describe our solution in the Einstein frame, we perform a conformal transformation
2 For α 2 < 0, we find a de Sitter space.
where γ = 2/(D − 2). Here and in what follows, we use the subscript E for the variables in the Einstein frame. Note that the conformal transformation changes the circumference radius due to the nontrivial linear dilaton field, i.e.,
The value z is given in Table I . Hence the line element in the Einstein frame becomes
By introducing new variables as τ E ≡ t/ℓ and u E ≡ (ℓ/r E ) 1/z , we find
It is conformally flat but no longer an AdS spacetime. The dilaton field is also nontrivial, i.e.,
B. Hyperbolic chart of AdS spacetime
Next we look at the other chart of the AdS spacetime. There are three static charts of AdS spacetime depending on their spatial curvatures (k = 0, ±1). The previous analytic solution corresponds to a flat slicing (k = 0). We can change the chart from this plane symmetric one to others by a coordinate transformation. Here we present one example, which is the chart of the hyperbolic slicing. Consider the transformation
where we impose sin φ 0 = cos φ D−2 = 1. This gives
where dΣ 2 −1 denotes the line element of (D − 2)-dimensional hyperbolic space. AdS spacetime in this chart is often referred to as a massless AdS black hole with the horizon radiusr H = ℓ [19] , although it is the AdS horizon.
Although this spacetime looks static, in this coordinate system, the dilaton field is not static but time-dependent i.e.,
It is because the dilaton field is static but inhomogeneous in the flat slicing, and then it becomes time-dependent as well as inhomogeneous after changing the time slicing to the hyperbolic one. Spherical case is easily obtained by the replacementr → ir,t → it, andθ → iθ:
though the dilaton is not real.
IV. BOUNDARY CONDITIONS
Before we solve Eqs. (2.9), (2.10) and (2.15) to find a black hole solution, we need the boundary conditions at an event horizon and at an infinity. We discuss those separately.
A. Boundary conditions on the horizon
At the event horizon (r H ), the metric function f vanishes, i.e., f (r H ) = 0. The metric functions, the dilaton field, and their derivatives must be finite at r H . Since X has f in the denominator, we find nontrivial relations between the variables at the horizon as discussed in [7, 11] . Expanding the basic equations near the horizon and taking the limit of r → r H , we obtain the following three independent constraints from regularity conditions on the horizon:
where we have denoted the variables at the horizon with the subscript H, i.e., φ H , φ
, and so on, and introduced the dimensionless variables as
Eliminating η H and ζ H in Eqs. (4.1) -(4.3) (we assume that ξ H = 0 and ζ H = 0), we find the quadratic equation for ξ H :
As discussed in [7] , the discriminant of the quadratic equation (4.5), which depends on D and ρ H , must be non-negative for the existence of a regular horizon. Fixing a fundamental coupling constantα 2 gives constraints on the horizon radius r H for given D.
Assuming that a regular horizon exists, we find two branches: the plus and minus branches
In the following, we discuss three cases separately by the horizon topology (or k = 0, ±1).
Planar symmetric case (k = 0)
The quadratic equation (4.5) is reduced to
There exists only one positive real solution, which is
Although ξ H = 0 is also the solution of (4.10), it does not give a proper horizon because the expansion around the horizon reveals that all derivatives of f vanish in this case.
Spherically symmetric case
Assumingα 2 > 0 in D = 4 -10, the allowed values for the regular event horizon are summarized in Table II in [7] and the real ξ H is always positive. In the plus branch, we obtained asymptotically flat black hole solutions for some range of parameters given in Table VI in [7] , while we have found a curvature singularity in the other cases including the negative branch. Here we also find a solitonic solution with a regular center and no horizon in one of the branches (see Appendix B).
Hyperbolically symmetric case
Assumingα 2 > 0 in D = 4 -10, we find the allowed values for a regular event horizon, which are summarized in Table II. In any dimensions higher than three, we always find a small gap in the parameter space of horizon radius, where there is no regular horizon. It makes a clear difference from the case of k = 1; there is a minimum horizon radius in four dimensions, a small gap in five and six dimensions, and no restriction in dimensions higher than six [7] . We find some ranges where ξ H become negative for k = −1. Since a horizon with negative ξ H no longer describes a black hole horizon but a cosmological horizon, further restrictions arise for the range of a regular black hole horizon. The solution can be interpreted as a cosmological one. We present this cosmological solution in Appendix C.
It may be worth introducing an important horizon radius 12) at which the coefficient of the quadratic term in (4.5) vanishes. It is the bifurcation point where the sign of ξ H changes. This gives the upper bound of the range for which the asymptotically AdS black hole solutions can be obtained numerically, as we show in the next section. The allowed range of horizon radii for a regular horizon in the case of k = −1. In any dimension higher than three, there is a gap where there is no regular horizon.
D

Condition for regular horizon with
k = −1 4 rH ≤ 1.6566722α ≤ rH
B. Boundary condition at spatial infinity and "mass" term
In order to impose the boundary condition at infinity, we assume that spacetime approaches the solution (3.1) with (3.2) as r → ∞.
Since we look for black hole solutions, we may have to find the mass. For the Schwarzschild AdS black hole, the metric is given by δ = 0 and
where µ is the conserved Arnowitt-Deser-Misner mass. So we expect the mass term may appear in a negative power of r/ℓ. It may be natural to assume analyticity of spacetime at infinity, which guarantees that the spacetime is really asymptotically flat or AdS. Hence, assuming analyticity of spacetime at infinity, we first expand the variables around the AdS spacetime by an integer-power series of r/ℓ as f (r) =f (r) := r ℓ With the use of a gauge freedom of time coordinate, we can set δ 0 = 0.
Inserting the expression (4.14) into the basic equations, we find the equations for the first-order perturbations as
where we have used a relation (3.7). This gives a trivial solution, i.e., f 1 = δ 1 = φ 1 = 0.
Hence we go further to the second-order terms, which should satisfy
These equations are solved as 24) whose explicit values are given in Table III.   TABLE III: The coefficients of the second-order perturbations f2, δ2, and φ2 for k = −1 in D = 4 -10. As D gets higher, f2 approaches the value of the curvature constant k. Note that f2 = k in the EGB model without a dilaton field. Even when we go beyond the second order, we find that nontrivial even power terms are given only by known parameters (D, k, and p). If one regards the coefficient of the term proportional to r −(D−3) as a mass, we find a finite mass for odd dimensions (see Table IV ) but zero mass for even dimensions. Moreover, the values are fixed only by the fundamental constants of the theory (D andα 2 ). There is no additional free parameter such as the conventional mass or conserved charge, which depends on the horizon radius. Hence we conclude that under the present expansion ansatz, important quantities of a black hole such as the mass are not involved. Note that this expansion gives the exact AdS spacetime in the plane symmetric case (k = 0), while for k = 0, we obtain nontrivial deviation from the AdS spacetime. However, it turns out that any solution with this asymptotic expansion terms is no longer regular. We need extra asymptotic terms to obtain a regular solution (see Appendix B).
In order to extract a kind of mass parameter or other properties of a black hole, which depends on a horizon radius, we have to assume nonanalytic expansion at infinity as
wheref (r),φ(r) andδ(r) are given by Eqs. (4.14), (4.16) and (4.15), respectively, and ν f , ν φ , and ν δ are positive but noninteger numbers. Inserting this expression into the basic equations, we find
µ f , µ φ and µ δ are constants, which satisfy one constraint condition:
Hence two of them are free and represent some properties of a black hole. We call µ f and µ φ a "mass" and a "scalar charge", respectively, although they may not be a proper mass and a proper scalar charge. In [21] , there exists a non-integer power "mass" term similar to our case, though it was observed that the correct integer power of the mass term is restored by taking into account the effect of lapse function δ. The AdS spacetime in our system is realized by the presence of a nontrivial dilaton field and is completely different from [21] , where a negative cosmological constant is introduced.
V. ASYMPTOTICALLY ADS BLACK HOLE SOLUTIONS
A. Numerical solution
Now we present asymptotically AdS black hole solutions. Giving a horizon radius r H , we solve the basic equations (2.9), (2.10) and (2.15) numerically. To integrate the equations, we first set δ H = 0 and φ H = 0 and find the asymptotically AdS spacetime with a linear dilaton field. We then rescale the lapse function and the dilaton field asδ(r) = δ(r) − δ(∞) andφ(r) = φ(r) − [φ(r) − p/2 ln r 2 /ℓ 2 ]| r=∞ , respectively. This is always possible because δ and φ appear only in the forms of their derivatives such as δ ′ and φ ′ . As a result, we findδ(r) → 0 andφ(r) → p/2 ln r 2 /ℓ 2 as r → ∞. Then in our physical solution with a tilde,δ H and φ H do not vanish. In what follows, for brevity, we omit the tilde of the variables. For k = 0, there is no asymptotically AdS black hole solution. The reason is as follows: For a flat 3-space, there exists an additional rescaling symmetry under
as r → r * = Λr, where Λ is an arbitrary constant. Hence, once we obtain one black hole solution, we can construct one parameter family of solutions with arbitrary horizon radii by the above rescaling. However, numerical analysis adopting the boundary condition with ρ H = 1 does not provide a regular solution but encounters a naked singularity. Therefore, we conclude that there exists no regular black hole solution for k = 0. The only regular solution is the exact AdS spacetime with the linear dilaton field. For k = 1, there is no asymptotically AdS black hole solution: In [7] , we solved the field equations outward from horizon without imposing a boundary condition at infinity and found that all the regular solutions are asymptotically flat. This means that there is no asymptotically AdS black hole solutions for k = 1 at least within the numerical analysis. However, we find a solitonic solution, which is regular everywhere including the origin (see Appendix B).
Hereafter we focus on the case of k = −1. For D > 4, we find an asymptotically AdS black hole solution. Depending on the dimension D, we classify our solutions into two types: type (a), five dimensions (D = 5), in which we find an upper bound in the range of horizon radius but no lower bound; and type (b), six or higher dimensions (D = 6 -10), for which there is a finite range of the horizon radius.
In Figs 1 and 2 , we depict solutions for D = 5 and 10. The metric function f and the dilaton field φ are normalized by the AdS values, which is given by Eqs. (3.1) and (3.2).
The metric function monotonically approaches the asymptotic value in both five and ten dimensions. In five dimensions the lapse function decreases near the horizon and increasingly gets close to the asymptotic value, while in ten dimensions it monotonically gets close to the asymptotic value.
The range for the horizon radius of AdS black hole solutions is summarized in Table V . No regular asymptotically AdS black hole solution is found in four dimensions.
In five dimensions, there is no lower bound but exists the upper bound, i.e., 0 < r H ≤ 0.707087α 1/2 2 . Note that there is no regular solution without a horizon (r H = 0). In dimensions higher than five, we find both lower and upper bounds. For example, in six and ten dimensions, we find 0.514410α in (4.12), at which the quadratic term in the condition (4.5) for a regular horizon vanishes.
Comparing Table V with Table II , we find that the branches with larger horizon radii in Table II do not give an asymptotically AdS black hole solution, but only the smaller branches do. The results obtained here show a sharp difference from the case of EDEGB without a cosmological constant, where no AdS black hole solutions are obtained for the asymptotic constant dilaton [23] . The difference comes from the nontrivial dilaton field we consider here.
This solution is a dilatonic analogue of the non-general relativity branch or "AdS branch" of the black hole solution in the nondilatonic EGB theory; the asymptotically AdS black hole solution in the nondilatonic theory [2] is given by
The asymptotic behaviour or the weak coupling limit, i.e., α 2 µ/r D−1 ≪ 1 of this solution (5.2), takes the form
where we have introduced the area of N -dimensional unit sphere A N and gravitational mass M as
The asymptotic form (5.3) is the one for an AdS Schwarzschild solution with a negative mass, and it properly describes a black hole solution when it satisfies f ′ (r H ) > 0 for f (r H ) = 0. This condition is satisfied for k = −1 and r H in the range
The upper bound (4.12) of the horizon radius for the dilatonic solution is smaller than that in the above inequality (5.6) for nondilatonic case. In fact, we find that the allowed range of horizon radius of our present black holes is always included in that in the EGB model, comparing Table V with (5.6).
B. Thermodynamical properties of numerical solution
Next we present the thermodynamical variables of the AdS black holes. We can define the temperature of black holes as a period of Euclidean time coordinate at event horizon
where f ′ H and δ H are determined by fixing the horizon radius r H . For the asymptotically AdS solution in EGB (5.2), the temperature is explicitly given by
Since we consider the higher-curvature correction terms, we apply Wald's formula for a black hole entropy, which is generalization of the Bekenstein-Hawking formula to the case of most generic covariant theory. Wald's formula is defined by use of the Noether charge associated with diffeomorphism invariance of a system [28] . We find
where Σ is the (D − 2)-dimensional surface of the event horizon, L is the Lagrangian density, and ǫ µν denotes the volume element binormal to Σ. Although it was originally proposed for asymptotically flat spacetime, we assume that it is applicable in the present system. In [29] , it is confirmed that Wald's formula for asymptotically AdS black hole solutions is still valid for gravity theories with higher-curvature corrections, by comparing the result with the one obtained by the Euclidean regularization method. For the effective action in the string frame, it gives
where
is the area of the event horizon. The entropy for the EGB gravity is given by
We depict the area-entropy relation in five and ten dimensions in Fig. 3 . Since we have the Gauss-Bonnet highercurvature term, the entropy is not proportional to the area; i.e., the Bekenstein-Hawking entropy formula is modified, but it still increases monotonically as the horizon area increases. We also plot the relation for the black holes in the EGB gravity theory as a reference. In any dimensions, the entropy increases as the horizon gets large. The entropy approaches zero denoted by ×, which corresponds to rH = 0.70708722α
2 . In ten dimensions the range of the horizon area of the obtained numerical black hole solutions is given by 4.1913928α as the horizon approaches the smallest size, which is zero for five dimensions and a finite size for other dimensions. Around the largest horizon limit, the derivative of the entropy seems to blow up to infinity. Since the entropy is smaller than that of EGB model in the small horizon region, the entropy curve for the obtained numerical solution crosses that for the EGB gravity in dimensions higher than five. In five dimensions, it seems to reach numerically the lowest bound before crossing.
We also depict the temperature-entropy relation in Fig. 4 . The temperature of the black hole vanishes as horizon area approaches the minimum size in any dimension, while it diverges as the horizon area approaches the maximum size. This is similar to the case of the EGB gravity model.
The specific heat C V of a black hole solution is given by
We show the relation between the specific heat and the temperature in Fig. 5 . The specific heat is positive for our solutions similar to that of AdS black hole in the EGB model [20] . In the nondilatonic EGB gravity, the specific heat is negative for the k = 1 black hole including the Schwarzschild solution, while it is positive for k = −1 [2, 4] . Since the specific heat is always positive for our solution as shown in Fig. 5 , we do not expect the Hawking-Page transition.
In order to discuss black hole thermodynamics, we have to find a mass and a scalar charge of a black hole. To extract the terms of a "mass" and a "scalar charge", we introduce the following variables as
(5.14) → µ φ as r → ∞ . In Figs. 6 and 7, we depict "mass" and "scalar charge" defined by (5.13) and (5.14), respectively. The solutions are classified into two categories; (a) odd dimensions and (b) even dimensions, according to their behaviour of the "mass" and "scalar charge". In odd dimensions the "mass" monotonically decreases as the horizon radius increases and approaches zero in the upper limit of the horizon radius. On the other hand, the "mass" in even dimensions is not a monotonic function; i.e., as the horizon radius increases, it first increases and then decreases just after it reaches the maximum "mass". It is not even positive. The "scalar charge" behaves similarly to the "mass" function in both odd and even dimensions. However, the present "mass" and "scalar charge" are not the physical ones. Hence we cannot discuss thermodynamics of our black holes furthermore.
These odd behaviours of the "mass" and "scalar charge" may be related to the fact that the AdS (or asymptotically AdS) spacetime of our system is realized not by a negative cosmological constant but by a dilaton field which diverges logarithmically at infinity. This type of solution does not exist if we assume that a dilaton field is finite, which is also true for the EDEGB case [21] .
VI. SUMMARY AND CONCLUSION
In the DEGB gravity, we have obtained the exact AdS spacetimes with a planar symmetry and constructed the asymptotically AdS black holes numerically. These solutions are the dilatonic generalization of AdS spacetime and the AdS branch of black hole solutions in the EGB gravity. A dilaton field, which diverges logarithmically at infinity, plays the role of a negative cosmological constant.
The allowed horizon radii for asymptotically AdS black holes seem to be inherited from those of the corresponding solutions in the AdS branch in the EGB gravity.
As for the thermodynamical properties of the black holes, the entropy and temperature are well defined and their behaviours are similar to those of the "AdS branch" solution with a hyperbolic horizon in the EGB gravity. However, we could not define the proper mass and charge, although we have introduced a "mass" term and "scalar charge", which may carry some physical properties of the black holes. It makes it difficult for us to continue our discussion on thermodynamics such as the first law further. This strange behaviour of "mass" and "charge" may come from the fact that a dilaton field diverges logarithmically at infinity.
We hope that AdS spacetimes and the asymptotically AdS black holes obtained here give insight into the the AdS/CFT correspondence and reveal aspects of strong coupling physics such as those studied in [17] . In Appendix A, we show that AdS spacetime is also a solution for the models with more corrections in the string theory. Examining the CFT duals of AdS spacetimes we obtained in Sec. II and Appendix A would be an interesting issue.
where α n is the nth order coupling constant and the nth order Euler density E 2n [g] is defined by
This special combination of curvatures guarantees that E 2n [g] is totally divergent in a 2n-dimensional space, and its integration gives just a topological invariant. For n = 2, it is known as the Gauss-Bonnet curvature term, which we have analyzed in the text. In order to find an AdS spacetime, we adopt the same metric ansatz as in Sec. II. The explicit form of the action with this ansatz is given by
where we have dropped surface terms and used a normalized coupling constantα n ≡ (D − 2) 2n−1 α n . The metric components λ, µ, and ν are defined by the metric ansatz (2.3), and W, Y, and A are given by Eq. (2.6). Taking the variation of this action with respect to ν, λ, µ, and φ, we find four basic equations:
in addition to (2.6). The Bianchi identity is also satisfied.
Hence we have to solve three equations as in Sec. II. In order to obtain an exact AdS spacetime, we take the same ansatz (3.1) and (3.2) as in Sec. II. We then find the following three algebraic equations:
where L ≡ −1/ℓ 2 and
Equation (A8) with Eq. (A9) gives Eq. (A10). It means that three algebraic equations are not independent. Hence we have to solve the following two algebraic equations: (A8) and (A9) for two variables (̟ = 1 + 2p and L = −1/ℓ 2 ), i.e.,
Eliminating ̟, we obtain
F (L) is the 3(n max − 1)th order algebraic equation with respect to L, where n max is the highest order with nontrivialα n (n max ≤ [D/2]). If n max is even , i.e., 3(n max − 1) is odd, we always find a negative solution (L < 0) for Eq. (A14), since F (0) = 1 > 0, that is, an AdS space. On the other hand, if n max is odd, the existence of AdS space is no longer guaranteed.
If we have only one Lovelock term, for example, the n 0 th Lovelock term (n 0 ≤ [D/2]), we can conclude more concretely
Eliminating the terms with L n0−1 , we obtain the third-order algebraic equation for ̟:
which has always a positive real root ̟ 0 (> 0). From (A15) we find
Sinceα n0 > 0, we find a solution with L * < 0 if n 0 is even but no solution for odd n 0 .
In the string theory, we expect only even n's. Hence we always find at least one AdS solution. For example, we consider the case of the heterotic string model such as (D = 10, We also find a solitonic solution without a horizon but with a regular center, which approaches asymptotically an AdS spacetime. In this appendix, we leave the global topology k free at first and fix it later. To solve the basic equations under a regularity condition at the origin (r = 0), we expand the variables around the origin r = 0 as f (r) =f 0 +f 1 r +f 2 r 2 + O(r 3 ) , δ(r) =δ 0 +δ 1 r +δ 2 r 2 + O(r 3 ) ,
φ(r) =φ 0 +φ 1 r +φ 2 r 2 + O(r 3 ) .
The shift symmetry of φ and δ allows us to chooseδ 0 =φ 0 = 0. Substituting (B1) into the field equations, we find thatf 0 = k in the leading equations andf 1 =δ 1 =φ 1 = 0 in the second leading ones. The third leading equations give D(f 2 − 1)f 2 + 4k(1 − 2f 2 )δ 2 + 8kφ 2 = 0 , D(f 2 − 1)f 2 + 2(1 − 2f 2 )(f 2 + 4kφ 2 ) = 0 ,
(1 − 2f 2 )(2φ 2 − (D − 2)δ 2 ) − 4δ 2 (f 2 + 4kφ 2 ) = 0 .
We show the numerical solutions of (B2) in Table VI . Adopting (B1) with the solutions of (B2) as the boundary conditions at the origin, we numerically solve the field equations. Note that we have no free parameter at the origin. We find two branches of solutions for k = 1: One approaches asymptotically an AdS spacetime, and the other evolves into a singularity. We depict our numerical solution in Fig. 8 .
Analyzing the asymptotic behaviours, we find a similar result to the AdS black hole with k = −1 discussed in Sec. IV B. Just as the black hole solutions, we present the "mass" and "scalar charge" in Table VII , which depend only on the spacetime dimensions D and the coupling constant α 2 . No additional free parameter appears.
For k = −1, for which we obtain the AdS black hole, we could not obtain a regular solution but always find a singularity at a finite radius. For k = 0, we obtain the exact AdS spacetime studied in Sec. II. For k = −1, we also find a cosmological solution instead of an AdS black hole. When we integrate the basic equations with the boundary conditions for a regular horizon, we find that the metric function F is always negative in the largerradius branch in Table II . It means that the "time" coordinate t plays no longer a role of time. Instead, the "radial" coordinate r becomes time. Hence we exchange the characters of two coordinates as η := r and ξ := t. The line element is given by
where f C (η) = −f (r). The asymptotic behaviour of the metric functions and the dilaton field is given by
as η → ∞, where η ∞ is a constant. Near the "horizon", f C (η) vanishes as f C (η) ∝ (η − η H ), where η H := r H is the "horizon" radius. We introduce a cosmic time τ by
Using this cosmic time, we can rewrite the line element as
